Abstract. A one-dimensional (1D) model has been constructed to study the transition of the time-dependent ultrafast laser photo-electron emission from a flat metallic surface to the space charge limited (SCL) current, including the effect of non-equilibrium laser heating on metals at the ultrafast time scale. At a high laser field, it is found that the space charge effect cannot be ignored and the SCL current emission is reached at a lower value predicted by a short pulse SCL current model that assumed a time-independent emission process. The threshold of the laser field to reach the SCL regime is determined over a wide range of operating parameters. The calculated results agree well with particle-in-cell (PIC) simulation. It is found that the space charge effect is more important for materials with lower work function like tungsten (4.4 eV) as compared to gold (5.4 eV). However for a flat surface, both materials will reach the space charge limited regime at the sufficiently high laser field such as > 5 GV/m with a laser pulse length of tens to one hundred femtoseconds.
Introduction
For electrons emitted from a surface into a free space, the amount of current emitted at low current regime is dominated by the emission mechanism, which is known as source-limited emission. The mechanism can be divided into three types, namely thermionic emission, field emission, and photo-emission, which is respectively, described by the Richardson-LaueDushman (RLD) law [1] , the Fowler-Nordheim (FN) law [2] , and Fowler-Dubridge (FD) law [3, 4, 5] . A good overview can be found in a recent paper by Jensen [6] . In particular, all three emission mechanisms can be combined in a generalized model [7] .
At high current regime, the amount of the emitted current will be influenced by the space charge effect, and it is known as the space charge limited (SCL) current, which describes the maximum current density allowed for steady-state electrons emitted from the cathode and transported across the gap. For a one-dimensional (1D) gap of spacing D and a dc voltage of V g , the SCL current is governed by the1D classical Child-Langmuir (CL) law [8, 9] , given by
where 0 , e and m is, respectively, vacuum permittivity, electron charge and electron mass. Space charge limited electron flow occurs when the charge of the emitted electrons is sufficient to suppress the electric field at the cathode to zero, and the electrostatic potential distribution function φ(x) is
The transition from source limited emission to SCL current is important in the development of cathode such as field emitters and photocathode, which is, respectively, based on field emission and photoemission. The transition from the field emission to SCL current has been developed for large [10] and small [11] gap. For the transition from photo-emission to SCL current, the CL law can not be used directly, because the pulse length of the electron photoemission is normally much smaller than the electron transit time across the gap. This short pulse effect on the CL law had been developed in a 1D classical model [12] given by
where X CL = τ p /τ (< 1) is the normalized pulse length and τ = 3D m/2eV g is the transit time at the SCL condition. A more recent model has also been developed to include the quantum effects when the electron de Broglie wavelength is comparable or smaller than the electron pulse width [13] . Recently, significant efforts have been recently paid in using ultrafast laser to induce electron photo-field emission from metallic tips [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] . In most studies, space charge effect has been ignored, which may be important at the high current regime operating at the high laser fields [30, 31] . Depending on the operating conditions, the emission process due to ultrafast laser excitation can be complicated, which leads to multiphoton emission [16] , optical tunneling [14] , strong field photoemission [21] , and above threshold photoemission [19] . The onset of the optical tunneling from the multiphoton emission can be determined by a formula [22] , which is at about 9.81 V/nm for an 8 femtosecond laser pulse.
In this paper, we only focus on the photoemission process, and we are interested to develop a simple and 1D model to show the transition from the ultrafast laser induced multiphoton emission to the space charge limited at ultrafast time scale. Due to the long relaxation time scale (ps), the multi-photon emission process is governed by the non-equilibirum heating model [18] , which had shown that the emission is time-dependent at a time scale less than 1 ps for metals. Note this phenomenon has been verified by an experiment in 2011 [20] . While (3) is able to account for the effect of short pulse, yet it has assumed that the current injected into the gap is time-independent. Here, from t = 0 [beginning of the laser pulse] to t = τ p (end of the pulse), the injected current density from the cathode at x = 0 is emitted as a function of time, given by J(t). To solve this problem, we need to find the spatial variation of the injected electron density into the gap, J(x) for 0 ≤ x ≤ s , where s ( << D) is the position of the beam front at at t = τ p . Once this J(x) is obtained, we may use the similar approach in the short pulse model [12] to calculate the space charge limited electron flow for the ultrafast-laser-induced photo-field emission.
It is important to note that the model presented here has ignored the sharpness of the tip, thus the prediction can be considered only as a zero-order estimation. While the 2D CL law has been developed [32] , it can not be applied directly as the emitting area (in a sharp tip) is much smaller than the gap spacing. The model is a quantitative one that is able to compare experiments in using ultrafast laser to excite multi-photon electron emission from a flat surface. In future, it can be extended to a non-uniform and at least a 2D model to account for the sharpness of the tip in order to compare quantitatively with the expriments using sharp tips. Note the latter is not a trivial task, as there is no protrusive CL law which is valid for even steady-state electron emission from a sharp tip.
Model
Consider a gap of spacing D with an external fixed electric field
The cathode (at x = 0) is excited by an ultrafast laser to induce electron emission with a time-varying current density J(t). The emitted electrons will travel under the influence of the electric field (including space charge field) to reach a distance of s (< D) within the laser pulse-length τ p , which is smaller than the transit time τ. Note the laser profile is a step-like function with a laser duration of τ p .
In the region of 0 ≤ x ≤ s, the electrostatic potential is
where ∆φ(x) is the space-charge electrostatic potential. The value of s can be calculated by solving the equation of motion for
with initial conditions: x(t = 0) = 0 and x (t = 0) = v 0 ≈ 0. Here, the initial velocity v 0 is kept to be reasonably small (but not equal to 0) to avoid the difficulty in the numerical integration of Poisson equation (see below) at x = 0. In general, we have v 0 τ p s in our calculation. Near the cathode surface, we consider there is a surface potential barrier,
where V f is the Fermi energy, Φ is its work function and the third term is the classical image charge potential. Using (6), we obtain that the time-dependent tunneling current density J(t), which is calculated from using
Here, T (W) is the electron tunneling probability at energy level (W) through the surface potential barrier [cf. (6)], which is based on the modified Wentzel-Kramers-Brillouin (WKB) method, f (E, t) is the time-varying non-equilibrium electron distribution function based on our previous model [18] , W is a dummy variable in the integration, and is the reduced Plank constant. The details on how to obtain T (W) and f (E, t) can be found in Ref. [18] and [22] . Using (7), the emitted charge density (per unit area) within the laser pulse-width is calculated by
To determine ∆φ(x) in the region of 0 ≤ x ≤ s, we solve the Poisson equation ,
where v(x) is the velocity profile of the electron flow that can be obtained by using the energy conservation,
Here, J(x) is the current density profile obtained at the end of the pulse at t = τ p , which is related to (7), and it can be expressed as
where t(x) is the inverse function of x(t) solved in (5) . Combining (9) to (11), we have
The boundary conditions for solving (12) are the zero space potential at the cathode (x = 0) and the continuous electric field at the beam front (x = s), which are respectively,
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Note (14) is reduced from dφ(x)/dx| x=s = (V g −φ(s))/(D−s). Finally, the electrostatic potential in the vacuum region of s < x ≤ D (in front of the electron beam) is
From the equations, it is required to solve ∆φ(x), s and x(t) numerically to determine the space charge limited (SCL) current density J(t) or the SCL charge density σ EC consistently. Here we construct a numerical algorithm to perform the calculation iteratively.
On the first step, we assume ∆φ 1 (x) = 0 in (6) to obtain the electron current density (without space charge effects) J 1 (t) from (7), which gives the first estimated value for J(t). By substituting ∆φ = 0 into (5), we also obtain the first estimated time-profile x(t) and hence its inverse function t(x). Here the value of s is determined by s = x (t = τ p ). With this J 1 (t), we can solve the Poisson equation from (12) for the new ∆φ 2 (x), which can be used to estimate the new current density J 2 (t). Here, J 2 (t) is different from J 1 (t) due to the finite value of ∆φ 2 (x) as the space charge effect has been included. The iterative process will continue until a convergence is reached which is determined by
, where i is the iterative step. Once the convergence is reached, we can determine the space charge field ∆φ(x), and compute the SCL charge density σ EC according to (8) , which can be compared to our previous work that had excluded the space charge effects completely [18] .
It is important to note that this approach has ignored completely the space charge field within the short time scale less than τ p . The approach is similar to the short pulse model with constant current density J [12] , which had been confirmed with particle-in-cell (PIC) code. Our results will be also compared with PIC simulation with a time-dependent emission current, which shows rather good agreement.
Before presenting the results, we are interested to calculate the saturation of the SCL current density at high fields due to the suppression of the total electric field towards zero at the cathode. Thus the space charge potential ∆φ(x) must be large enough to suppress the applied DC field F dc , which is given by
When the above condition is fulfilled, we define a critical (or SCL) current density ,
where f is an enhancement factor over the current density J 0 obtained from the timedependent ultrafast laser emission model (without space charge effects) [18] . Here, f can be expressed by
where the ∆φ 0 is the space charge potential obtained by solving the Poisson equation using J 0 (t).
Results and Discussions
Here, we will not present the calculated f (E, t) in this paper, which is due to a step-function like ultrafast profile, and it has been shown elsewhere (see figure 1 in Ref. [18] ). The property of the f (E, t) for a Gaussian like ultrafast laser profile can also be found in a recent publication (see figure 1 in Ref. [22] ). From these calculated f (E, t), we solve Eq. (6), (7) and (12) to obtain a self-consistent J including the space charge effect, which is linked to the emission process and also the non-equilibrium laser-metal interaction at ultrafast time scale. A more recent model on the non-equilibrium laser-metal interaction can also be found in Ref. [28] . In figure 1 , we present the emitting charge density σ EC as a function of laser field F L with the following parameters: τ p = 50 fs, F dc = 1 GV/m, D = 1 µm and Φ = 4.4 eV. We see that at the low laser field F L < 5 GV/m, both σ EC values calculated by models with (red squares) and without space-charge effect (black circles) are nearly identical, which indicates space charge effects are not important in this range of low F L . Around F L = 5 GV/m, we see a smooth transition into the SCL regime (space-charge limits indicated in open square) [also see the inset of figure 1 which zooms in the shaded oven zone]. In comparison with the time-independent model (dashed purple line) by Valfells [12] , our results (time-dependent) of SC limit are slightly higher.
E m i s s i o n c h a r g e d e n s i t y ( C /
Above the threshold laser field, increasing laser power will not further increase the emitted charge, and the limit is determined by the space charge limited current. At this regime, the amount of charge density remains as a constant, which is simply controlled by Q = C × V g , where C is is the capacitance per area of the gap.
To compare our results with PIC simulation, we use a 2D PIC code called VORPAL [33] . In the simulation, we inject a time-dependent electron current density based on our model [18] , and we determine the SCL current when reflection of electrons are detected [34, 35] . In the simulation, we have a large emitting area that the electron flow has an uniform space distribution in the transverse directions in order to compare with our 1D model. The comparison shows that our model (open square) is slightly lower than the PIC simulation results (triangle) as shown in the inset of figure 1. Because both our method and PIC simulation give higher emission densities than Valfells' formula does, this demonstrates or at least inspires one to ponder whether it is possible to achieve a higher upper limit of spacecharge limited emission density in time-dependent injection current case.
In figure 2 , we plot the space charge potential ∆φ(x) in the region electrons distribute 0 < x/s < 1 for F L = 2 GV/m [figure 2(a)] and = 5 GV/m [figure 2(b)] based on the same parameters used in figure 1. It is clear that the space charge effect can be ignored for F L = 2 GV/m, where the magnitude of ∆φ(x) is much less than than the one based on F L = 5 GV/m by 2 orders of magnitude. The corresponding emitting current density are plotted in figure 2(c) and 2(d), respectively. This figure confirms our observation above that the critical point for the space-charge effect to dominate is around ∼ 5 GV/m under the physical situation investigated in figure 1 .
In figure 3 , we study the dependence of our results by varying the work function Φ, dc field F dc and laser pulse length τ p . Here, the gap spacing is fixed at D = 1 cm. In figure 3(a-c) , we present the cases at τ = 10 fs for F dc = 1 MV/m, 1 GV/m and 3 GV/m (left to right). On each panel of figure 3 , we show three calculations at different work functions Φ = 2.2, 4.4 and 5.4 eV. Figure 3(d-f) are presented similarly to figure 3(a-c) , except at longer laser pulse τ p = 100 fs. By comparing the six panels of figure 3 , we make the following observations and discussions.
From the results, we can see that higher work function (like 5.4 eV) will enter space charge limited (SCL) regime at a higher laser field. However the difference between 5.4 eV and 4.4 eV is not significant. Both cases will be in the SCL regime at F L > 5 GV/nm. Thus we expect that experiments using gold with a higher work function (5.4 eV) than tungsten (4.4 eV) will have less space charge effects at a fixed laer field.
As the laser field increases from F L = 0.1 to 100 GV/m, the emission charge density σ EC increases within the small F L range and it gradually saturates to the SCL regime at the high F L range as expected. The critical value of F L that space charge effects become important (thus also the threshold to reach space-charge limit) is dependent on all three parameters F dc , Φ and ( a ) τ. In general, it is easy to reach the SCL regime (critical value of F L is small) for small Φ, and low F dc . At small Φ, it is easy to have a large emission current at a fixed field, so space charge limit may also be reached at low F L values, naturally consistent with our expectation because lower work function makes easier the tunnelling of electrons. For example, the critical value to reach the the SCL regime (show in figure 3a ) is about F L 1 to 2 GV/m for Φ = 2.2 eV as compared to F L = 5 to 10 GV/m for Φ = 4.4 to 5.4 eV. At small F dc and fixed D, SCL current is small, so it is easy to reach the SCL regime for a given emission current. As F dc increases, emission is greatly promoted because tunneled probability increases shown in (6) . However, the SCL current density also increases with F dc . For example, the critical value to reach the SCL regime (Φ =2.2 eV case) is about F L = 1 GV/m (at F dc = 1 MV/m in figure 3a ) as compared to F L = 2 GV/m (at F dc = 3 GV/m in figure 3c ). Thus the dependence on the dc field is not as sensitive as compared to work function Φ.
The total amount of the SCL charge density σ EC (within the laser pulse) is found to be nearly identical for various τ p = 10 to 100 fs (see the blue dashed lines labeled with SC limit). While the SCL charge current density is expected to increase with small τ p according to both short pulse [12] and our models here, but the total amount of SCL emitted charge integrated over the small laser pulse length will cancel the short pulse enhancement on current density. This is understandable as the total amount of charge emitted under SCL will depend on the surface electric field on the cathode [36] . The critical value for the laser field to reach the space-charge limit will be lower at longer pulse duration of the electron flow. Finally, It is important to note that the SCL current density calculated here is based on a 1D model that does not account for the sharpness of the tip as mentioned in the introduction. It is expected that the value to be enhanced by a factor of 20 to 100 for a very sharp tip [see figure 8 in [37] ]. Base on this, if we assume the SCL current density is enhanced by a factor of 50, then the threshold of the laser field to reach the SCL current may be increased from 5 GV/m (for a flat surface in figure 1 ) to about 10 GV/m (for a sharp tip) in order to reach the higher SCL current density. Note this estimation is only a zero-order approximation, accurate results will require a protrusive SCL current model, which is beyond the scope of this paper.
Summary
In summary, we have developed a 1D model to study the space-charge-limited (SCL) emission under the ultrafast laser induced electron emission due to multiphoton absorption and nonequilibrium laser heating on a flat metal surface. Our model indicates that space charge effects may not be ignored for the high laser field and the threshold to reach the SCL regime is determined for various parameters such as work function, dc applied field and laser pulse length. Smooth transition from the source-limited emission to SCL current is obtained. The calculated results are compared with PIC simulation and a short pulse SCL current model [12] . It is found that the space charge effect is more important for materials with lower work function like tungsten (4.4 eV) as compared to gold (5.4 eV). However for a flat surface, both materials will reach the space charge limited regime at sufficiently high laser field such as > 5 GV/m with a laser pulse length of tens to one hundred femtoseconds.
